According to the Hugenholtz-Van Hove theorem, the symmetry energy and its density slope can be decomposed uniquely in terms of the single-nucleon potential in asymmetric nuclear matter which, at normal density, can be constrained by the nucleon optical model potential extracted from analyzing the nucleon-nucleus scattering data. To more accurately extract information on the symmetry energy and its density slope at normal density from neutron-nucleus scattering data, going beyond the well-known Lane potential, we include consistently the second order terms in isospin asymmetry in both the optical model potential and the symmetry energy decomposition. We find that the strength of the second-order symmetry potential Usym,2 in asymmetric nuclear matter is significant compared to the first-order one Usym,1, especially at high nucleon momentum. While the Usym,1 at normal density decreases with nucleon momentum, the Usym,2 is found to have the opposite behavior. Moreover, we discuss effects of the Usym,1 and Usym,2 on determining the density dependence of the symmetry energy, and we find that the available neutron-nucleus scattering data favor a softer density dependence of the symmetry energy at normal density with a negligible contribution from the Usym,2.
I. INTRODUCTION
Knowledge about the density dependence of nuclear symmetry energy E sym (ρ) is critical for understanding not only the structure and reaction of radioactive nuclei, but also many interesting issues in astrophysics, such as the structure of neutron stars and the mechanism of supernova explosions. Although significant progress has been made in recent years in constraining the E sym (ρ), large uncertainties still exist, even around the saturation density of nuclear matter (See, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] ). It is thus of critical importance to better understand and reduce the uncertainties in constraints placed on the E sym (ρ) based on various model analyses of experimental data.
Recently, based on the Hugenholtz-Van Hove (HVH) theorem [10] , it has been shown that both the magnitude of E sym (ρ) and its density slope L(ρ) can be analytically decomposed in terms of the single-nucleon potential in asymmetric nuclear matter [11] [12] [13] . Moreover, the more general decomposition of E sym (ρ) and L(ρ) in terms of the Lorentz covariant nucleon self-energies within the relativistic covariant framework has also been obtained [14] . These decompositions help us better understand the underlying isospin dependence of strong interaction con-tributing to the symmetry energy. They also provide a new and physically transparent approach to extract information about the symmetry energy from certain types of experimental data. In particular, at saturation density ρ 0 , the single-nucleon potentials or nucleon selfenergies in asymmetric nuclear matter can be constrained by the nucleon optical model potential (OMP) extracted from analyzing the nucleon-nucleus scattering data. In Ref. [11] , indeed, the constraints E sym (ρ 0 ) = 31.3 ± 4.5 MeV and L(ρ 0 ) = 52.7 ± 22.5 MeV have been obtained simultaneously by using the phenomenological isovector nucleon OMP from averaging the world data from nucleon-nucleus scatterings, (p,n) charge-exchange reactions, and single-particle energy levels of bound states available in the literature since 1969.
In the usual optical model analyses, however, up to now only the first-order symmetry (isovector) potential, i.e., the Lane potential [15] , has been considered. On the other hand, using three well-established models it has been shown recently that the contribution of the second-order symmetry potential to L(ρ 0 ) depends on the interactions used and generally it cannot be simply neglected [13] . Unfortunately, to our best knowledge, so far there is no empirical or experimental information on the second-order symmetry potential. It is thus of great importance to extract experimental information about the second-order symmetry potential and examine its effects on the density dependence of the symmetry energy. Here we report results of the first work in this direction.
II. THEORETICAL FORMULISM A. Global neutron optical model potential
The optical model is fundamentally important for many aspects of nuclear physics [16] . It is the basis and starting point for many nuclear model calculations and also is one of the most important theoretical approaches in nuclear data evaluations and analyses. Over the past years, a number of excellent local and global nucleon OMP have been proposed [17] [18] [19] [20] [21] [22] . The phenomenological OMP for neutron-nucleus scattering V (r, E) is usually defined as
where V v and V so are the depth of the real part of the central and spin-orbit potential, respectively; W v , W s and W so are the depth of the imaginary part of the volume absorption, surface absorption and spin-orbit potential, respectively; the f i (i = r, v, s, so) are the standard Wood-Saxon shape form factors; E is the incident neutron energy in the laboratory frame; λ − 2 π is the Compton wave length of pion, and here we use λ − 2 π = 2.0 fm 2 . In this work, to obtain information on the energy dependence of the first-order symmetry potential U sym,1 and the second-order symmetry potential U sym,2 in asymmetric nuclear matter, we extend the traditional phenomenological OMP for neutron-nucleus scattering to include the isospin dependent terms up to the second order in V v , W s and W v , and they are parameterized as
where
is the isospinindependent real part of the central potential while −(V 3 + V 3L E) ≡ U sym,1 (E) and −(V 4 + V 4L E) ≡ U sym,2 (E) are the first-and second-order symmetry potentials of the real part of the central potential in the optical model, respectively. The shape form factors f i is expressed as
with
In the above equations, A = Z + N with Z and N being the number of protons and neutrons of the target nucleus, respectively.
B. Single-nucleon potential decomposition of Esym(ρ) and L(ρ)
The equation of state (EOS) of asymmetric nuclear matter can be written as
where E 0 (ρ) is the binding energy per nucleon in symmetric nuclear matter; ρ = ρ n + ρ p is the baryon density and δ = (ρ n − ρ p )/ρ is the isospin asymmetry with ρ n and ρ p denoting the neutron and proton densities, respectively; E sym (ρ) is the nuclear symmetry energy and around saturation density it can be expanded as
being the density slope parameter.
In the non-relativistic framework, the single-nucleon energy E(ρ, δ, |k|) in asymmetric nuclear matter can be expressed generally using the following dispersion relation
where the single-particle potential U J (ρ, δ, |k|, E) can be expanded as a power series of δ as
with the ith-order symmetry potential defined by
and U 0 being the single-nucleon potential in symmetric nuclear matter. In the above expressions, τ From the HVH theorem [10] , the Fermi energy E J F in asymmetric nuclear matter can be expressed as
where k J F is the nucleon Fermi momentum expressed as
Using Eqs. (7), (9) and (12), one can decompose the symmetry energy in terms of single-nucleon potentials as [11] [12] [13] 
In the above decomposition, E 1 sym (ρ) represents the kinetic energy part (including the contribution from the isoscalar nucleon effective mass) of the symmetry energy while E 2 sym (ρ) is the contribution of the first-order symmetry potential U sym,1 . Similarly, for the density slope parameter L at an arbitrary density ρ, one can obtain five terms with different characteristics [11] [12] [13] (17) with
The above expressions clearly show what physics ingredients determine the density dependence of the symmetry energy. More specifically, the L 1 (ρ) represents the kinetic contribution (including the effect from the isoscalar nucleon effective mass), the L 2 (ρ) is due to the momentum dependence of the isoscalar nucleon effective mass, the L 3 (ρ) is directly from the first-order symmetry potential U sym,1 , the L 4 (ρ) relates to the momentum dependence of the U sym,1 , and the L 5 (ρ) is from the second-order symmetry potential U sym,2 .
C. The nuclear optical model potential and the symmetry potential in asymmetric nuclear matter
In order to obtain the values of the symmetry energy E sym (ρ) and the slope parameter L(ρ) at saturation density ρ 0 , one needs information about the energy (momentum) dependence of the single-nucleon potential, i.e., U 0 , U sym,1 , U sym,2 in asymmetric nuclear matter at ρ 0 . The U 0 , U sym,1 , and U sym,2 at ρ 0 can be obtained from the real part of the central potential in the optical model, i.e., U 0 (E), U sym,1 (E), and U sym,2 (E). In the following, we briefly describe the connection between U 0 , U sym,1 , U sym,2 in asymmetric nuclear matter and U 0 (E), U sym,1 (E), and U sym,2 (E) in the optical model. Both the single-particle potential U n of a neutron in asymmetric nuclear matter and the real part of the central potential U n in neutron OMP can be expanded as a power series of δ as
The neutron single-particle energy in asymmetric nuclear matter satisfies the following dispersion relation
where E n , T n and U n (T n ) denote the single-neutron energy, the kinetic energy and the potential energy, respectively. In symmetric nuclear matter, the single-neutron energy is
Following Ref. [23] , by expanding Eq. (24) in the power series of δ to the second-order and using Eq. (23) and Eq. (25), one can easily obtain
The relations of U 0 = U 0 and U sym,1 = Usym,1 µ were firstly derived in Ref. [23] .
III. RESULTS AND DISCUSSIONS
The detailed method for obtaining the optimal OMP parameters can be found, e.g., in Refs. [22, 24, 25] . All of the relevant experimental data used in this work are summarized in Ref. [22] . In particular, the original database for searching the global neutron OMP parameters are taken from Table I in Ref. [22] . To see the magnitude of the isospin dependent second order terms in V v , W s and W v , we firstly obtain the optimal OMP parameters directly using all the data in the original database in Ref. [22] , and the results for the parameters V i and W vi (i = 0, 1, 2, 3, 3L, 4, 4L) as well as W si (i = 0, 1, 2, 3, 3L) are listed in Table I . One can see that while the isospin dependent second order terms in V v are significant, they are negligibly small in W s and W v . In order to evaluate the error of the OMP parameters, we use the Monte Carlo method, i.e., randomly sample 10% of the total experimental data in the original database to form a new searching database, from the latter we then obtain a new set of the OMP parameters. This procedure is repeated 1000 times, and the average values of the OMP parameters and the corresponding errors are then evaluated statistically. In the Monte Carlo estimate, we have neglected the isospin dependent second order terms in W s and W v since they have essentially no effect on our results. Table II are the average values and variances (errors) of the parameters V i (i = 0, 1, 2, 3, 3L, 4, 4L) obtained using the 1000 samples of the OMP parameter sets. For comparison, we also include in Table II the V i values of Ref. [22] where the higher-order terms Fig. 1 as a function of the sample number n of the OMP parameters sets. It is seen that both the average values and the variances have all well converged at n = 1000. Shown in Fig. 2 is the energy dependence of the singlenucleon isoscalar potential U 0 (U 0 ) obtained from our OMP parameters. For comparison, the results of the Schrödinger equivalent potential obtained by Hama et al [26] from the nucleon-nucleus scattering data based on the Dirac phenomenology are also shown. It is seen clearly that our isoscalar potential is in good agreement with that from the Dirac phenomenology. We limit the comparison up to 200 MeV since the experimental data of the neutron-nucleus elastic scattering angular distributions used in the present work is in the beam energy range of about 0 − 200 MeV [22] .
Shown in
From the OMP parameters V i (i = 0, 1, 2, 3, 3L, 4, 4L), we can first obtain the energy (momentum) dependence of the U sym,1 and U sym,2 , and then the energy (momentum) dependence of U sym,1 and U sym,2 using Eq. (26) . Shown in Fig. 3 is the momentum dependence of U sym,1 , U sym,1 , U sym,2 , and U sym,2 . One can see that the U sym,1 is larger than the U sym,1 at lower momenta (energies) while the U sym,1 becomes smaller than the U sym,1 at higher momenta (energies). This feature is qualitatively consistent with the results in Ref. [23] . In addition, both the U sym,1 and U sym,1 decrease with nucleon momentum p and become negative when the nucleon momentum is larger than about p = 470 MeV/c (i.e., E = 90 MeV). These are in qualitative agreement with the previous results [11, [27] [28] [29] . Furthermore, it is interesting to see that while the U sym,2 is almost a constant, the U sym,2 increases with the nucleon momentum p due to the transformation relation in Eq. (26) . Our results indicate that the magnitude of the U sym,2 at ρ 0 can be comparable with that of the U sym,1 , especially at higher energies. These features may be useful for constraining the model parameters of isospin-dependent nuclear effective interactions. From the U sym,1 and U sym,2 at ρ 0 together with the em- (14) and Eq. (17) for Esym(ρ0) and L(ρ0). The inset shows the results for Esym(ρ0) and L(ρ0).
pirical properties of symmetric nuclear matter at saturation density, i.e, ρ 0 = 0.16±0.02 fm −3 and E 0 = −16±0.5 MeV, the two contributions to the symmetry energy are found to be E 
While they are well consistent with the available constraints, the L(ρ 0 ) is closer to the lower end while the E sym (ρ 0 ) is closer to the upper end of the range covered by previous results obtained from analyzing many other observables using various methods (See, e.g., Refs. [5] [6] [7] [8] [9] ). For the decomposition of L(ρ 0 ), it is seen that the magnitude of L 2 (ρ 0 ) is very small, indicating that the contribution of the momentum dependence of the isoscalar nucleon effective mass is unimportant, consistent with the theoretical calculations in Ref. [13] and the assumption made in Ref. [11] . On the other hand, the L 4 (ρ 0 ) contributes a significant negative value to L(ρ 0 ), demonstrating the importance of the momentum dependence of the first-order symmetry potential U sym,1 which is related to the isovector nucleon effective mass [11] . In addition, it is interesting to see that the magnitude of L 5 (ρ 0 ) is quite small, consistent with the assumption made in Ref. [11] where the L 5 (ρ 0 ), i.e., the contribution of the second-order symmetry potential U sym,2 was neglected. The smallness of L 5 (ρ 0 ) is due to the fact that the U sym,2 essentially vanishes around E = −16 MeV as shown in Fig. 3 (b) . However, it should be noted that the L 5 (ρ 0 ) has a large uncertainty, and actually it contributes the main part of the uncertainty of L(ρ 0 ). One can see from Fig. 4 that more precise information on the momentum dependence of U sym,1 and the magnitude of U sym,2 at the single-nucleon energy of E 0 = −16 ± 0.5 MeV is necessary to reduce the uncertainties of the L(ρ 0 ).
In the above evaluation of the E sym (ρ 0 ) and L(ρ 0 ), the empirical values of ρ 0 = 0.16 ± 0.02 fm −3 and E 0 = −16 ± 0.5 MeV have been used. According to the HVH theorem, the E 0 and ρ 0 should be related to each other if the U 0 (E) is known. Using ρ 0 = 0.16 ± 0.02 fm −3 and the U 0 (E) extracted in the present work, we obtain E 0 = −28.52 ± 4.85 MeV, E sym (ρ 0 ) = 40.12 ± 2.84 MeV and L(ρ 0 ) = 44.61 ± 24.40 MeV. It is seen that the value of E 0 = −28.52 ± 4.85 MeV significantly deviates from the empirical value and this seems to be a common problem for usual phenomenological optical model potentials (See, e.g., Ref. [17] [18] [19] [20] [21] [22] 30] ). Fortunately, the extracted value of L(ρ 0 ) and its single-nucleon potential decomposition essentially do not change although the E sym (ρ 0 ) increases by about 3 MeV compared to the results using the empirical values of ρ 0 = 0.16 ± 0.02 fm −3 and E 0 = −16 ± 0.5 MeV.
IV. SUMMARY AND OUTLOOK
In summary, using the available experimental data from neutron-nucleus scatterings, we first obtained a new set of the global isospin dependent neutron-nucleus optical model potential parameters which include the nuclear symmetry potential up to the second order in isospin asymmetry for the first time. Using the analytical relationship between the single-nucleon potentials in asymmetric nuclear matter and the optical model potentials, we then evaluated both the first-order and the secondorder symmetry potentials U sym,1 and U sym,2 in asymmetric nuclear matter at saturation density. It is found that the strength of the U sym,2 is significant compared to that of the U sym,1 , especially at high nucleon momentum. Moreover, while the U sym,1 decreases with nucleon momentum, the U sym,2 displays an opposite behavior. It will be interesting to investigate effects of the U sym,2 in heavy ion collisions induced by neutron-rich nuclei at intermediate energies. The extracted U sym,1 and U sym,2 together with the empirical values of ρ 0 = 0.16 ± 0.02 fm −3 and E 0 = −16 ± 0.5 MeV were then used to evaluate the nuclear symmetry energy and its density slope at saturation density by applying the formulas derived earlier based on the HVH theorem. We found that the neutron-nucleus scattering data lead to a value of E sym (ρ 0 ) = 37.24 ± 2.26 MeV and L(ρ 0 ) = 44.98±22.31 MeV, respectively, consistent with the results obtained from analyzing many other observables within various models. Furthermore, our results indicate that the contribution of the second-order symmetry potential to the L(ρ 0 ) is quite small, though with a large uncertainty, verifying the assumption made in Ref. [11] .
To evaluate the E sym (ρ 0 ) and L(ρ 0 ) from the singlenucleon potentials in asymmetric nuclear matter, one needs information about the optical model potentials at negative energies, e.g., E 0 = −16±0.5 MeV. In this work, this was done by extrapolating the optical model parameters obtained from analyzing the neutron-nucleus scattering data in the beam energy region of 0−200 MeV. The extrapolation may lead to uncertainties in extracting the symmetry energy and its slope parameter. To be more accurate, one may use the dispersive optical model [31] [32] [33] [34] [35] in which the real and imaginary parts of the optical model potential are connected with each other by a dispersive integration, and the optical model potentials can thus be extended to negative energies to address simultaneously the bound single-particle properties as well as elastic nucleon scattering. Using the dispersive optical model for elastic nucleon scattering data and the boundstate data of finite nuclei, one expects to obtain more reliable information about the optical model potentials at negative energies. It would be interesting to see how our present results change if the dispersive optical model is used. These studies are in progress and will be reported elsewhere.
